
Math supplement: Magnetic resonance basics

Lars G. Hanson, November 2012

This mathematical appendix supplements the course notes available in English and
Danish via the course homepage. For DTU courses 31540 and 31545, the mathematical
description of magnetic resonance (the last section) is not essential, whereas the math
in the first sections are (relaxation in 31540, precession and relaxation in 31545). The
understanding of magnetic resonance is, of course, essential in both courses. Other course
notes, slides, software and YouTube videos are available to improve the understanding.

1 The equation of motion for the nuclear magnetic moment

The hydrogen nuclei have a property called spin which make them behave like they are
rotating, i.e. they have angular momentum (Danish: “bevægelsesmængdemoment” or
“impulsmoment”). The fact that all nuclei appear to be spinning at exactly the same
rate hints that there is more to it. Nuclear spin is a consequence of relativistic quantum
mechanics, and is not quite rotation. For our purposes it is sufficient to note, however,
that spin makes nuclei behave as particles rotating at the same rate.

Each hydrogen nucleus consists of a single positively charged proton. The current
loop associated with a rotating charge distribution is expected to cause magnetism, and
that is indeed the case for the hydrogen nuclei. They each have a magnetic moment µ,
which is proportional to their angular momentum J which is along the spin axis.

µ = γJ (1)

The constant of proportionality is the “gyromagnetic ratio” which differs between nuclear
species and is γ = 42 MHz/T for hydrogen nuclei. We will immediately convert Hz to
an angular frequency by multiplying γ with 2π: γ = 263 · 106 s−1/T. Depending on
context, γ may be defined to include the factor of 2π in which case the unit is s−1/T.
Similarly, the Larmor frequency may be given in Hz or in radians per second (s−1 since
radians are implicit). This may be confusing at first, but it is typically not too difficult
to resolve. You just need to make sure that γ and the Larmor frequency appear with
the appropriate units whenever they matter.

We will now consider how the magnetic dipole moves in a magnetic field. From classical
mechanics it is known that a change of the angular momentum is generally related to
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the torque τ (“kraftmoment” in Danish): dJ/dt = τ . In this case, the torque is the
”twist” caused by the magnetic field B on the magnetic dipole:

dJ

dt
= µ×B (2)

When merging the equations above, we get a general formula describing how the mag-
netic moment of a rotating particle will change when subject to a magnetic field:

dµ

dt
= γµ×B (3)

Since the change of µ is orthogonal to itself and to B, this equation describes rotation
of µ around B. This is true for the nuclei individually (or strictly speaking for their
µ expectation values, if you are into quantum mechanics). Provided the nuclei feel the
same field, the equation also applies to the total magnetization of all nuclei, M =

∑
i µi

(also called the net magnetization or “nettomagnetiseringen” in Danish). Check that
this latter claim is true!

2 Precession

Before exploring the magnetic resonance phenomenon, we consider how the magnetiza-
tion of a nucleus will behave in a static magnetic field B0 = (0, 0, B0), where the z-axis
has been defined to be along the static field B0. Using the equation above for this special
case, we have

dµx
dt

= γµyB0,
dµy
dt

= −γµxB0,
dµz
dt

= 0 (4)

These coupled differential equations, can be solved in several ways, and we choose a par-
ticularly elegant one: Looking at equation (3), we may realize that the magnetization
will rotate around the magnetic field. Since rotation can be described by complex ex-
ponentials, we choose to represent the transversal magnetization as a complex number,
even though it actually is a 2D vector. It will turn out to be convenient to combine
the x and y components of µ into a complex transversal magnetization µxy ≡ µx + iµy.
Using equation (4) and this definition, we do a bit of rewriting (verify it!):

dµxy
dt

= −iγB0µxy,
dµz
dt

= 0 (5)

The shift to a complex notation reduced the three coupled equations to two uncoupled
first-order differential equations. We recognize the Larmor frequency ω0 = γB0 in these
equations which are easily solved:

µxy(t) = µt=0
xy exp(−iω0t), µz(t) = µt=0

z (6)

We are free to choose time zero and the initial conditions as we wish.
Since multiplication by a factor exp(iφ) rotates a complex number by an angle φ in the

complex plane, we see that this solution to the equations of motion (5) indeed describes
clockwise rotation of the transversal magnetization with a frequency ω0.
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3 Relaxation

We have found the time evolution of the nuclear magnetization in a constant magnetic
field, but we still need to include relaxation in the description. This comes about since
the individual nuclei interact magnetically so that they feel field fluctuations around the
mean. This makes the total transversal magnetization Mxy decay exponentially towards
zero with a time constant T2. Similarly, the total longitudinal magnetization Mz is
known to relax exponentially back towards equilibrium M0 = (0, 0,M0) on a time scale
T1. We may describe the evolution as follows:

Mxy(t) = M t=0
xy exp(−iω0t) exp(−t/T2) (7)

Mz(t) = M t=0
z exp(−t/T1) +M0(1− exp(−t/T1))

The first equation describes how the precessing transversal magnetization decays away.
For the intensity of an image acquired at time TE after excitation (the “echo time”), the
phase factor is insignificant, I(TE) ∝ |Mxy(TE)| = |M t=0

xy | exp(−TE/T2). The first term
of the second equation describes how the “memory” of the initial longitudinal magneti-
zation M t=0

z decays away on a timescale T1 while the second term describes how “fresh”
longitudinal magnetization is created on the same time scale so that the magnetization
approaches equilibrium after excitation. Please prove that this formulation is equiva-
lent to the following: The deviation of the longitudinal magnetization from equilibrium,
decays away exponentially with a time constant T1.

The evolution of the magnetization could alternatively be found by directly solving
modified differential equations similar to equation (5) with added relaxation terms:

dMxy

dt
= −iω0Mxy −Mxy/T2,

dMz

dt
= −(Mz −M0)/T1 (Check!) (8)

4 Magnetic resonance

We now explore the magnetic resonance phenomenon which provides a way to rotate the
magnetization away from equilibrium using weak oscillating magnetic fields. We ignore
relaxation since the involved bursts of radio waves are so short that relaxation during
excitation is insignificant. Hence the description below is equally valid for the magnetic
moment µ of a single nucleus, and for the total magnetization M of nuclei that all feel
the same external magnetic fields (such a group of nuclei is called “an isochromate”).

MR experiments involve a strong polarizing field, B0, and a much weaker orthogonal
near-resonant RF field, B1(t), oscillating in the xy-plane (we can ignore the electric
contribution to the RF field in this connection). Again, we combine the x and y com-
ponents and define a complex magnetization µxy = µx + iµy and a similar complex field
Bxy = Bx + iBy. Rewriting equation (3), we get

dµxy
dt

= −iγ(µxyBz − µzBxy),
dµz
dt

= γ Im(µ∗xyBxy) =
−iγ

2
(µ∗xyBxy − µxyB∗

xy) (9)

The asterisk (*) denotes complex conjugation. The motion of µ is dominated by a rapid
clockwise precession around ẑ for positive γ since |Bz| = B0 � |Bxy|. The case of a
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constant amplitude RF field is of special interest and is discussed in detail. We define
the x-axis to be along the oscillating field generated by a loop coil: B1 ≡ 2B1 cos(ωt)x̂.
Using the definition of Bxy and Euler’s formula, this is equivalent to a complex field

Bxy = Bx + iBy = B1(exp(iωt) + exp(−iωt)) (10)

The component B1 exp(−iωt) rotating the same way as the precessing magnetization
will influence it significantly, while the counter-rotating field B1 exp(iωt) can safely be
ignored since it is roughly 2ω0 away from resonance (it causes a slight wiggling only).
This approximation is valid for fields oscillating near the Larmor frequency, and we only
care about such. Hence, half of the field generated by a loop coil is wasted (the counter-
rotating component), and we generally prefer circularly polarized coils generating and
receiving fields that rotate together with the magnetization.

The equations of motion are expressed in the rotating frame of reference following
the Bxy-field rotation by defining the slowly varying quantities µ̃xy = µxy exp(iωt) and
B̃xy = Bxy exp(iωt) ' B1. The approximation in the last equation was justified above.
Expressed in terms of those quantities, equation (9) becomes

dµ̃xy
dt

= i(ω − ω0)µ̃xy + iγB1µz (11)

dµz
dt

= γIm(µ̃∗xyB̃xy) = −γµ̃yB1 (12)

The y-component of the transversal magnetization in the rotating frame of reference µ̃xy
is here denoted µ̃y ≡ Im(µ̃xy). For the special case of a resonant field, ω = ω0, the
equations reduce to

dµ̃xy
dt

= iγB1µz (13)

dµz
dt

= −γµ̃yB1 (14)

If the first equation is split in real and imaginary parts, we see that we are back to a
set of equations very similar to (4). The solution is therefore also similar, now being
precession of µ̃ around B̃1 (rather than of µ around B0). Consequently, when a constant
RF field is present, the dynamics in the rotating frame is found to resemble those in the
stationary frame in the absence of RF field. The only difference is that the precession is
now around an axis in the transversal plane.

To summarize: In absence of radio waves, the magnetization precesses around the
static magnetic field B0 at the frequency γB0. Changing to the rotating frame of ref-
erence, this precession “disappears”, and the magnetization becomes stationary. The
dynamics become complex in the stationary frame, when a resonant rotating radio wave
field B1 is added. But in the rotating frame, this field is stationary, and the magnetiza-
tion will simply precess around it at a low frequency γB1. This is nuclear MR, which
differs from compass MR only since the nuclei precess rather than vibrate. The difference
is due to the nuclei not only being magnetic, but also having spin (angular momentum).
The shift to a complex notation, and to the rotating frame of reference, is so convenient
that even the sampled raw signal is saved by the scanner in a corresponding format.

Exercise: Rewrite equations (8) in a frame of reference rotating at frequency ω0. Solve!
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